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Departments of Biomedical Engineering1, Electrical and Computer Engineering2,4, Mathematics3

University of Florida, Gainesville, Florida
{memming,sohan,principe}@cnel.ufl.edu1,2,4, rao@math.ufl.edu3

ABSTRACT

This paper addresses the estimation of symmetricχ2-divergence
between two point processes. We propose a novel approach
by, first, mapping the space of spike trains in an appropriate
functional space, and then, estimating the divergence in this
functional space using a least square regression approach.We
compare the proposed approach with other available methods
on simulated data, and discuss its pros and cons.

Index Terms— Point process, spike train, symmetric chi-
square divergence, kernel method, hypothesis testing

1. INTRODUCTION

One of the most fundamental questions encountered in neu-
roscience applications, such as change detection and neural
coding, is whether two sets of spike trains follow thesame
probability law. From a statistical perspective, this question
can be framed as ahypothesis testingproblem with the help
of a suitabledivergence measure. By definition, a divergence
measure is a nonnegative statistic of two probability laws that
achieves zero valueif and only if the two probability laws
are the same. However, traditional approaches toward this
problem avoid estimating divergence between point processes
(probability law over spike trains), and use simpler tests,such
as Wilcoxon test (WT) on the number of action potentials, to
judge the similarity of two point processes. These tests, how-
ever, inherently put some assumptions on the underlying point
process, e.g. WT assumes that the count distribution is a suf-
ficient descriptor of a point process. Such assumptions reduce
the generality of the conclusions that can be drawn from these
tests since in practice, two point processes might be similar in
terms of, say, the mean firing rate or the count distribution,
and can still be different in terms of the other statistics [8].
Therefore, a true divergence measure is absolutely necessary
to address the problem ofpoint process similarity.

Although, estimation of divergence has been elaborately
studied inRd [10], these methods cannot be readily applied
to spike train spaces, since this space lacks basic algebraic
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and topological structures. Recently, however, [7] has pro-
posed a method for estimating the Hellinger divergence be-
tween two point processes by representing the space of spike
trains as a union of Euclidean spaces, also called strata, and
then computing the divergence in each strata separately. This
approach, although theoretically elegant, suffers in estimation
since it distributes the spike train observations in strata, thus,
making each strata sparse. In this paper, we address this issue
in detail, and explore an alternate method of estimating diver-
gence. We follow a different representation of the spike train
space as introduced by [6] i.e. we represent each spike train
as a function in a suitable functional space, and estimate the
divergence in this functional space. We, however, address the
problem of estimating symmetricχ2-divergence, rather than
the Hellinger divergence as addressed by [7]. Given two prob-
ability lawsP andQ on a measurable space(Ω, Σ), the sym-
metricχ2 divergence is defined as

DS(P, Q) =

Z

„

d(P − Q)

d(P + Q)

«2

d(P + Q), (1)

We consider this divergence since, like Hellinger divergence,
it is a metric on the space of all probability measures [3], and
as we will discuss later in detail, it can be efficiently estimated
using a least square regression approach [4].

The rest of the paper is organized as follows; in section
2 we briefly discuss the stratification approach proposed by
[7], and how it can be used to estimate the symmetricχ2-
divergence. In section 3 we discuss the main result of the
paper, and describe a novel approach to estimate the same
divergence using the functional representation. In section 4
we compare these two approaches with other methods for hy-
pothesis testing on simulated data, and in section 5 we con-
clude the paper with some discussion on the pros and cons of
the proposed approach.

2. STRATIFIED REPRESENTATION

Let Ω be the set of all finite length spike trains, that is, each
ω ∈ Ω can be represented by a finite set of action potential
timings{t1, t2, . . . , tn} within T , the time interval of interest,
wheren is the number of spikes. Then the non-Euclidean
spike train spaceΩ can be partitioned in disjoint partitions



Ω0, Ω1, · · · such thatΩn contains all possible spike trains with
exactlyn action potentials. This method is called stratifica-
tion, and eachΩn a stratum. Notice thatΩ =

S

∞

n=0 Ωn. For
n 6= 0, Ωn is essentiallyT n, sincen action potentials can
be fully described byn (unordered) time instances and vice
versa. Without loss of generality, letΩn = T n, hence obtain-
ing Euclidean space representation of eachΩn.

The probability measureP for point process can be de-
composed according to the partition ofΩ. DefinePn(A) =

P(A ∩ Ωn), then we can writeP =
P

∞

n=0 Pn. Also denote
Pn(Ω) as pn, the probability of havingn action potentials.
Let µ(A) = δΩ0(A) +

P

∞

n=1 µn(A ∩ Ωn) denote the exten-
sion of Lebesgue measuresµn for Ωn(n > 0) to Ω, andδΩ0 is
a Dirac measure for the single element inΩ0 which represents
the empty spike train. AssumingP ≪ µ, the Radon-Nikodym
derivative can be taken as,

dP

dµ
(ω) = P0(Ω)δΩ0(ω) +

∞
X

n=1

dPn

dµn

(ωn)

= p0δΩ0(ω) +
∞
X

n=1

pnfn(ωn) (2)

wherefn is the unordered joint location density and is sym-
metric on the permutation of its arguments, andωn = ω ∪Ωn.

Given a sequence of observationsX = {ωi}
m
i=1, we can

use the decomposition (2) for estimating the Radon-Nikodym
derivative as follows. Let the subsequencesX(n) = {ωi; ωi ∈

Ωn, i = 1, . . . , m} be the set of all spike trains with length
n. Frequency based estimate of the total count distribution
and the Parzen density estimation offn can then be written as,
p̂n = |X(n)|/|X| andf̂n(x) =

P

ωi∈X(n) κn (x − ωi; σn) /|X(n)|

for n = 1, . . . whereκn(·; σ) is a symmetricn-dimensional
density estimation kernel with bandwidth parameterσ, and
| · | denotes the cardinality of a set.

The Radon-Nikodym derivativedU/dV in Rn can be con-
sistently estimated, under appropriate conditions, by thera-
tio of the Parzen estimates of the Radon-Nikodym derivatives
fn

U = dU/dµ andfn
V = dV/dµ respectively, whereµ denotes

the Lebesgue measure [2]. Then, the estimator of theχ2-
divergence becomes

D̂χ2 =

Z

 

ddP

dQ
− 1

!2

dQ̂

=

„

p̂0
P

p̂0
Q

− 1

«2

p̂Q +
∞
X

n=1

Z

 

p̂n
P f̂n

P

p̂n
Qf̂n

Q

− 1

!2

dQ̂n

whereQ̂n denotes the empirical probability law. The sym-
metric χ2-divergence can then be computed asDS(P,Q) =

Dχ2(P, (P + Q)/2) + Dχ2(Q, (P + Q)/2).

3. A NOVEL APPROACH

The stratification approach inherently distributes the samples
with different number of action potentials in different groups,
and therefore, two spike trains with different number of action

potentialsnever interact. This poses a problem in estimation
if the count distribution is flat i.e. the spike trains tends to
have different number of action potentials. To resolve this
issue we follow a different approach of representing a spike
train, as followed by [6].

Let F be the space of allL2 integrable functions overT
i.e. F = L2(T ). Givenω = {t1, . . . , tn}, define a mappingG :

Ω → F asG(ω)(t) =
Pn

i=1 g(t, ti)|T such thatG is injective.
Wheng is a translation invariant function that decays at∞,
G can be considered a smoothed spike train. There are many
differentg’s that make the mappingG injective e.g. a bounded
strictly positive definite function [9]. We use the indicator
functionI(t ≥ ti) for the experiments.

We consider theσ-algebra ofL2(T ) to be the one that
makes the mapG : Ω → L2(T ) measurable. SinceG is mea-
surable, we can define an induced probability measureU such
thatU(L2(T )\G(Ω)) = 0 andU(G(A)) = P(A) for A ∈ σ(Ω).
Let U andV be two probability laws onF induced byP andQ,
respectively, then, the following two propositions show that
the Radon-Nikodym derivative inΩ can be transfered toF .

Proposition 1. If P ≪ Q thenU ≪ V

Proof. Let A ⊂ G(Ω), then

V(A) = 0 ⇒ Q
`

G−1(A)
´

= 0 ⇒ P
`

G−1(A)
´

= 0 ⇒ P(A) = 0.

Similar proof follows whenA 6⊂ G(Ω).

Proposition 2. dP/dQ(ω) = dU/dV(G(ω))

Proof. For any integrable functionφ : F → R,
Z

Ω

φ(G(ω))dP(ω) =

Z

F

φ(f)dU(f)

=

Z

F

φ(f)
dU

dV
(f)dV(f) =

Z

Ω

φ(G(ω))
dU

dV
(G(ω))dQ(ω)

Therefore,dP(ω) = dU/dV(G(ω))dQ(ω).

Corollary 1. Theχ2-divergence betweenP andQ is the same
as theχ2-divergence betweenU andV, i.e.

Z

Ω

„

dP

dQ
(ω) − 1

«2

dP(ω) =

Z

F

„

dU

dV
(f) − 1

«2

dU(f).

Therefore, in the transformation representation, we focus
on estimating the Radon-Nikodym derivative inF rather than
in Ω i.e. to estimatedU/dV from samples{fi = G(ω1

i )}m
i=1

and {gi = G(ω2
i )}l

i=1. Although this problem can be ap-
proached in several ways, we follow the approach suggested
in [4].

Using the triangle inequality on the actual and the esti-
mated divergence, we get,

˛

˛

˛

Dχ2 − D̂χ2

˛

˛

˛

=

˛

˛

˛

˛

Z

(dU/dV − 1)2 dV −

Z

“

d̂U/dV − 1
”2

dV̂

˛

˛

˛

˛

≤

˛

˛

˛

˛

Z

“

d̂U/dV − 1
”2

d(V − V̂)

˛

˛

˛

˛

+

˛

˛

˛

˛

Z

“

dU/dV − d̂U/dV
”2

dV

˛

˛

˛

˛

.

This inequality shows that the error between the actual and
estimated divergence is bounded by twoL2 distances. The



first term goes to zero asn → ∞ sinceV̂ → V almost surely.
Therefore, in order to get a consistent estimate ofDχ2 it is
important to get an appropriate estimate of Radon-Nikodym
derivative that makes the second term arbitrarily close to zero.

Following [4], we assume that̂dU/dV(f) =
Pl

i=1 αiκ̃(g−

gi) whereαi’s are real coefficients and̃κ(f − g) is a strictly
positive definite kernel [1]. This expansion is justified due
to the following proposition which states that the functions
of the form

P

∞

i=1 αiκ̃(g − gi) is dense inL2(F , V) i.e. it can
approximate any functionp ∈ L2(F , V) with arbitrary accu-
racy in theL2 sense. Notice that sincedU/dV ∈ L2(F , V),
this implies that the proposed expansion can approximate the
Radon-Nikodym derivative arbitrarily.

Proposition 3. Let κ̃(x, y) be a symmetric strictly positive
definite continuous kernel onF × F and V is a probability
measure onF such that

R

F
κ̃2(x, y)dV(x) < ∞ for all y ∈ F ,

thenspan κ̃(x, y) : y ∈ F ′ ⊂ F is dense inL2(F , V), whereF ′

denotes the subset where the measureV lies.

Proof. Lets assume that the span is not dense inL2(F , V),
then∃g ∈ L2(F , V) such that

R

g(y)κ̃(x, y)dV(y) = 0. There-
fore,

R R

g(x)g(y)κ̃(x, y)dV(x)dV(y) = 0. Sinceκ̃ is strictly
positive definite, by contradictiong is zero a.e.V.

Using the kernel expansion, the second term in the trian-
gle inequality can be expanded as,

Z

 

dU/dV(f) −
l
X

i=1

αiκ̃(f, gi)

!2

dV(f)

=

Z

(dU/dV)2(f)dV(f) − 2
l
X

i=1

Z

αiκ̃(f, gi)dU(f)

+

Z l
X

i=1

l
X

j=1

αiαj κ̃(f, gi)κ̃(f, gj)dV(f)

≈C −
2

m

l
X

i=1

m
X

j=1

Z

αiκ̃(fj , gi) +
1

l

l
X

i=1

l
X

j=1

l
X

k=1

αiαj κ̃(gk, gi)κ̃(gk , gj)

whereC is a constant. Therefore, the second term in the
triangle inequality is minimized forα ≈ (l/m)(KQQKQQ +

λlI)−1
KQP1 whereλ is a regularization parameter required to

avoid overfitting and[KPQ]ij = κ̃(G(ω1
i ), G(ω2

j )) is the gram
matrix. The estimatedα can then be used to estimateD̂χ2 =

(KQQα − 1).2
1/l, andDS can again be estimated in a sim-

ilar fashion. For simulation, we use the kernelκ̃(f, g) =

exp
`

−
R

T
(f(t) − g(t))2dt/σ2

´

from [6] after settingσ to the
median of the intersample distances, and setλ = 1/n.

Notice that, this approach allows two spike trains to al-
ways interact through an spd kernel, irrespective of their spike
counts. However, it requires selecting anappropriate func-
tional representation of the spike trains, and an appropri-
ate kernel to evaluate the similarity between two spike trains.
Although, in theory, the asymptotic performance of the pro-
posed method does not depend on the choice of these param-
eters, its finite sample behavior does. Given a trivial kernel,

therefore, we expect the performance of this method to im-
prove over sample size, irrespective of the statistical nature of
the underlying point process. We observe that our experimen-
tal results support this fact. The selection criteria of thebest
functional representation, and the best kernel, however, still
remain an open issue.

4. RESULTS

In this section, we present 3 hypothesis testing experiments,
and compare the performance of the proposed method against
the stratification approach, and theL2 distance (λL2) between
PSTH (peri-stimulus time histogram) based dissimilarity
measure. For each example, there are two classes of spike
trains, and the test is to find whether the spike trains originate
from the same probability law. We use the permutation test
to compute the statistical power, and set the size of the testto
0.05.

4.1. Two action potentials

We first consider two point processes with two events or less
with same marginal intensity function but with different event
correlation structure (Fig. 1 left). In spike trains fromH0, the
two timings are correlated, and the interspike interval (ISI)
has a narrow distribution, whereas in spike trains fromH1, the
two timings are independent, and each action potential has a
precise timing. Both point processes have a lossy noise; each
action potential has a probability of disappearing with proba-
bility p = 0.1. Note thatH0 represents renewal type of neu-
ral code, while processH1 represents precisely timed action
potentials. Since the dimension of the problem is at most 2,
this problem is easier for the stratified estimator (Fig. 1 right).
Nevertheless, the kernel based estimator quickly catches up as
the number of sample increases.λL2, on the other hand, fails
to discriminate the two processes because the intensity func-
tion is designed to be identical.

4.2. Inhomogeneous Poisson process

Next, we consider two Poisson processes. Since the mean
rate function is a sufficient descriptor of a Poisson process,
λL2 can easily distinguish between two Poisson processes.
We simulate two inhomogeneous Poisson process where the
rate changes at 100 ms. In Fig. 2,λL2 with the right bin
size outperforms the divergence measures. The stratified ap-
proach suffers from the spread of samples in different strata
and the curse of dimensionality, while the kernel based es-
timator quickly approaches high power as more data is ob-
served.

4.3. Stationary renewal processes

Next, we consider a renewal process and a Poisson process.
Renewal process is a widely used point process model to com-
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Fig. 1. Two action potentials that are correlated (H0) and in-
dependent (H1). σ1 = 10 ms is used for the stratified ker-
nel. (Left) Spike trains from the null and alternate hypothesis.
(Right) Comparison of the power of each method. The error
bars are standard deviation over 5 Monte Carlo simulations.
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Fig. 2. Poisson process with rate changing in step function
from 3 to 2, and 2 to 3 at 100 ms.σ1 = 100 ms is used for
the stratified kernel. The mean number of action potential
is fixed to 5. (Left) Spike trains from the null and alternate
hypothesis. (Right) Comparison of the power of each method.
The error bars are standard deviation over 5 Monte Carlo runs.

pensate the deviation from Poisson process [5]. We simu-
late a stationary renewal process with gamma interval distri-
bution. Despite the fact that the count distribution is widely
distributed and the dimensionality of the problem is high, the
stratified estimator performs the best. This is because the dif-
ference in the count distribution is easily captured when the
bandwidth is relatively large. The kernel based method does
not suffer from this fact and performs well. The mean firing
rate based estimator is not consistent in this example, in the
sense that the performance of the method does not improve
with the sample size. However, interestingly in the finite sam-
ple case, the variance in the rate function depends on the reg-
ularity of the firing pattern, therefore the method is still able
to detect the difference.

5. DISCUSSION

In this paper, we have addressed the problem of computing
the symmetricχ2-divergence between two point processes.
The proposed work is an extension of [7]; however, we avoid
the stratification approach, and consider a smoothed represen-
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Fig. 3. Gamma distributed renewal process with shape param-
eterθ = 3 (H0) andθ = 0.5 (H1). σ1 = 100 ms is used for the
stratified kernel. The mean number of action potential is fixed
to 10. (Left) Spike trains from the null and alternate hypoth-
esis. (Right) Comparison of the power of each method. The
error bars are standard deviation over 20 Monte Carlo runs.

tation of spike train as proposed in [6], and use a least square
regression approach to estimate the divergence in a functional
space. We observe that the proposed method is morerobust
to different statistical nature of the point processes. However,
this approach is computationally more extensive compared to
the stratification approach. To be specific, the stratification
approach isO(ml) in computation whereas the transforma-
tion approach isO(l3 + ml2) in computation.
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